We resolve the existence problem of (96, 20, 4) difference sets in 211 of 231 groups of order 96. If G is a group of order 96 with normal subgroups of orders 3 and 4 then by first computing 32-and 24-factor images of a hypothetical (96, 20, 4) difference set in G we are able to either construct a difference set or show a difference set does not exist.
Introduction
A (v, k, λ) difference set is a subset D of size k in a group G of order v with the property that for every nonidentity g in G, there are exactly λ ordered pairs (x, y) ∈ D × D such that xy −1 = g.
One may identify the set D with an elementD in the group ring Z(G). In this case writeD = We also writeĜ for g∈G g. D is a difference set if the group ring elementD satisfies the equationDD (−1) = (k − λ)1 G + λĜ.
If a group G has a difference set D then {gD : g ∈ G} is the set of blocks of a symmetric (v, k, λ) design with point set G. On this design G acts by left multiplication as a sharply transitive automorphism group. Conversely, any symmetric design with a sharply transitive automorphism group on points is isomorphic to a design constructed from the set of left translates of a difference set. A difference set is said to be "genuinely nonabelian" if the underlying design has no abelian group acting regularly on points.
Difference sets with parameters (q d+1 (
), where q = p f is a prime power, are known as McFarland difference sets. For q = 4 and d = 1, we obtain the (96, 20, 4) parameters. For more details on symmetric designs and difference sets, the reader may consult [6] , [11] , [12] , [13] . For more further discussion on McFarland difference sets, see [7] , [14] .
We say D 1 ∈ Z(G), D 2 ∈ Z(G) are equivalent if there is an element g ∈ G and an automorphism ϕ of G such that D 1 = gϕ(D 2 ). We say that two difference sets are inequivalent if either they are subsets of nonisomorphic groups or if they are subsets in a common group G but are not equivalent in G (as defined above.) Inequivalent difference sets may give rise to isomorphic designs.
The adjacency matrix of a symmetric design has a set of invariant factors (or "elementary divisors", associated with the Smith Normal Form of the matrix.) If A is the adjacency matrix of the design, there are invertible matrices P and Q such that P AQ is a diagonal matrix. P and Q may be chosen so that the (i, i) entry of P AQ divides the (i + 1, i + 1) entry of P AQ (for all i, 1 ≤ i ≤ v − 1.) In the special case of the parameters (96, 20, 4), we may assume that P AQ is the direct sum of six scalar matrices:
Since the prime 5 divides k = 20 but does not divide k − λ = 16, then the rank of A over GF (5) is 95 and r 5 = 1. Thus the sum of the other matrix sizes, r 0 + r 1 + r 2 + r 3 + r 4 , is 95. The rank of A over GF (2) is r 0 , the size of the identity matrix in this direct sum. We will abbreviate the list of invariant factors with the 5-tuple (r 0 , r 1 , r 2 , r 3 , r 4 ). For example, there are at least two distinct difference sets in the elementary abelian group GAP [96, 231] ; one has invariant factor abbreviated by (30, 2, 32, 2, 29) while the other has invariant factor abbreviated by (30, 1, 34, 1, 29). Both have 2-rank equal to 30. Although nonisomorphic designs may have the same invariant factors, if the designs have different invariant factors, they must be nonisomorphic. We found 37 different patterns of invariant factors in the exhaustive search and so have at least 37 distinct, nonisomorphic designs.
(See [13] , Appendix C, for a discussion of invariant factors of incidence matrices and the underlying design.) Among the 37 different invariant factor patterns, there are eight distinct 2-ranks. These eight different 2-ranks are 26, 28, 30, 32, 34, 36, 37 and 38.
A homomorphism f from G onto G induces, by linearity, a homomorphism from
. If the kernel of f is the subgroup U , let T be a complete set of distinct representatives of cosets of U and, for g ∈ T , set t g := |gU ∩ D|. The multiset {t g : g ∈ T } is the collection of "intersection numbers" of D with respect to U. The image ofD under the function f is f (D) = g∈T t g f (g). This group ring element satisfies the equation
in the group ring Z[G ]. The contraction of D to a smaller homomorphic image often provides useful conditions on the existence of a difference set in the original group. Because the size of D is k we have the equation
Because the coefficient of the identity element is the same on both sides of equation 2 we have the equation
For example, suppose D is a (96, 20, 4) difference set in G and G is a homomorphic image of order 24. One solution to the equations
is a list {t i : 1 ≤ i ≤ 24} with a single 4, sixteen 1s, and seven 0s. When this occurs, one can show that there is a subgroup H < G of order eight such thatf (D) is equivalent to
The existence of such a homomorphic image gives considerable information about D. In this case, if no other information is available, an exhaustive search through the cosets of U where |D ∩gU | = 1 will require a search space at size at most 4 16−1 ≈ 10 9 . Additional information, such as intersections sizes with a subgroup W of size 3, considerably shorten the exhaustive search. (In this work we used both the normal subgroups of orders 3 and 4 to keep the search space relatively small.) Further details on this approach, including GAP programs used, is available in [2] and at the webpage [16] .
2 Summary of past work on (96,20,4) difference sets
In this paper we will refer to the groups as they appear in the SmallGroups library of the software package GAP (Groups, Algorithms and Programming, [10] .) For instance, Before this paper, we had the following results.
McFarland, [14] , used vector spaces of dimension d + 1 over finite fields of order q to construct difference sets with parameters v = q d+1 ( Arasu and Sehgal, [4] , constructed a (96, 20, 4) difference set in the abelian group
Golemac, Mandić and Vučičić, [8] Suppose G is a group of order 96 which has normal subgroups of order 3 and 4 and suppose that D is a difference set in G. We used GAP to build the 4-images from the 2-images then again the 8-, 16-, 32-images from the 4-, 8-, 16-images respectively. In a similar way we computed the 24-images. We wrote programs that combined the 32-and 24-images to construct difference sets in G or to show such a difference set does not exist after exhaustive search. One can find these programs with examples to explain them in the dissertation of the first author, [2] , and on the webpage of the second author, see [16] . We note that these programs give, by exhaustive search, all possible (96, 20, 4) difference sets in some 72 groups groups of order 96, those groups that have both factor groups of order 32 and 24. Table 1 lists the Groups of order 96 which admit a (96, 20, 4) difference sets and have factor groups of orders 32 and 24. In the first column of Table 1 appears the catalogue number i of the group [96, i], according to the GAP SmallGroup library of groups of order 96. (The GAP command "e := Elements(SmallGroup(96, i));" can be used to create a list e of the elements of the group G, indexed from 1 to 96.) The indices of the elements of the difference set are provided in the second column of Table 1 . The third column provides, in abbreviated form (r 0 , r 1 , r 2 , r 3 , r 4 ), the invariant factors of symmetric designs obtained from these difference sets.
In Table 1 , we did not include difference sets which were known before. In each group we list difference sets which give clearly different symmetric designs by providing difference sets with distinct invariant factors. A complete list of nonequivalent difference sets can be found in [2] and [16] .
Our programs rule out, after an exhaustive search, the existence of difference sets in 85 groups. These groups are GAP [96,i] 1, 2, 3, 4, 10, 12, 19, 22, 24, 26, 33, 38, 40, (30, 6, 24, 6, 29 1, 2, 3, 4, 7, 10, 11, 12, 13, 31, 34, 39, (30, 7, 22, 7, 29 
